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Abstract
(r; 1)-designs are linear spaces with v points where every point lies on exactly r lines. In
this paper some innite series of (r; 1)-designs are discussed establishing the following existence
result. Let  = v − r be the class of the (r; 1)-design. For 64 the necessary and sucient
conditions are determined such that there is an (r; 1)-design with a certain point-type distribution.
For larger values of  some further series are discussed. ? 2000 Elsevier Science B.V. All
rights reserved.
1. Introduction
1.1. Denitions and known results
Denition 1.1. A linear space is an incidence structure of v points and b lines (lines
are subsets of points of size at least two) such that through any two dierent points
there is exactly one line.
(r; 1)-designs are those linear spaces where every point lies on exactly r lines.
In the following the state of knowledge concerning the enumeration of small lin-
ear spaces and (r; 1)-designs is summarized. For more information on the historical
development and for further details, see [9,10,12].
The concept of a linear space was already discussed by S. MacLane in 1936 when
he introduced the term schematic geometric gure by which he meant, in modern
terminology, a linear space with at least two points and at least two lines. Probably
MacLane’s denition had no inuence on the further development. Around 1960, P.
Libois in Belgium introduced the term espace lineaire and started the investigation of
linear spaces.
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Up to now all linear spaces with at most 12 points have been constructed: the 500
linear spaces with at most 9 points by J. Doyen in 1967, and recently the 5250 spaces
with 10 points, the 232 929 spaces with 11 points, and the 28 872 973 spaces with 12
points (see [2]).
The term (r; 1)-design was introduced in [9] as a special case of the more general
term (r; )-design. The 974 (r; 1)-designs with at most 12 points were constructed in
[9,10]. The 13 849 (r; 1)-designs with 13 points were discussed in [12].
The main task of this paper is to discuss the existence problem of (r; 1)-designs by
constructing innite series of designs for some parameters which fulll the necessary
conditions.
Denition 1.2. A linear space is called disconnected if the removal of its 2-lines leads
to a disconnected incidence structure in the usual sense.
1.2. Some notation
In the following some basic facts about (r; 1)-designs are summarized. More details
can be found in [9,10,12].
The dierence of v and r is called = v− r, the class of the (r; 1)-design. Denote
by ri the number of i-lines through a given point. Since any two points are connected
by exactly one line, the following equation holds:
v− 1 = r2 + 2r3 + 3r4 +   + (v− 1)rv:
Since any point is incident with exactly r lines, the following equation holds:
r = r2 + r3 + r4 +   + rv:
Hence, the two equations
v− r − 1 = r3 + 2r4 +   + (v− 2)rv
and
r = r2 + r3 + r4 +   + rv
must hold which yields a certain number of dierent point types as solutions.
If r>3 there are no lines with more than v− r+1 points. Otherwise, there are less
than r − 1 points left in the whole (r; 1)-design, and hence there are less than r lines
through a point on this line. For i>v− r + 2 and r>3 the numbers ri are zero.
The same holds for r>2 and i>r + 1; otherwise, consider this line of size at least
r + 1 and a point outside this line. This exists since through every point there are at
least 2 lines. However, it must be connected to all points of the long line. This yields
at least r + 1 lines through this point which is a contradiction.
The possible point types will be described below in the corresponding sections.
X − abc means that a point of type X lies on a 5-lines, b 4-lines, c 3-lines, and
r − a− b− c 2-lines.
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Afterwards all the possible point-type distributions are determined from the necessary
existence conditions where x denotes the number of points of type X.
2. The case of 64
In this section it is shown that for small values of  the necessary existence condi-
tions are also sucient. The cases of  = 1 (the complete graph Kv where the edges
are the 2-lines) and =2 (the disjoint union of 3-lines) have already been discussed in
[9] (Section 3.2). The same holds for small values of r. The case of r=1 corresponds
to a unique line which contains all points. All of these examples can be regarded as
trivial innite series of (r; 1)-designs.
2.1. The case = 3
For =3 there are two possible point types: A3 | 010 and B3 | 002. This means
that a point of type A3 lies on a 4-line and r − 1 2-lines whereas a point of type B3
lies on two 3-lines and r−2 2-lines. As it has already been explained in Section 4.1 of
[9] the necessary conditions for the numbers a3 and b3 are as follows (in general ni
denotes the number of i-lines of the design; the equations are labelled in correspondence
to [9]):
(X3) a3 + b3 = v; (Z3;4) a3 = 4n4; (Z3;3)2b3 = 3n3:
The condition (Y3;1): (If b3>1 then b3>5) is necessary since a point of type B3 lies
on two 3-lines with together 5 points.
The small (r; 1)-designs which have already been constructed in [9,12] are as follows:
The design with 4 points on one line (a3 = 4),
the dual of the graph K4 (b3 = 6) with 6 points,
the union of two 4-lines (a3 = 8) with 8 points,
the two nonisomorphic duals of cubic (3-regular) graphs on 6 vertices (b3 = 9)
with 9 points,
the union of a 4-line and the 6-point design (10 points),
the 6 nonisomorphic duals of cubic graphs on 8 vertices (12 points),
the union of three 4-lines (12 points), and
the union of the design with 4 points and the 2 designs with 9 points (13 points).
These examples show already all possible (r; 1)-designs with  = 3: a 4-line, the
dual of a cubic graph, and unions of these.
Theorem 2.1. For all parameter triples (a3; b3) which satisfy the necessary conditions
(X3); (Z3;4); (Z3;3); and (Y3;1) mentioned above there is at least one (r; 1)-design with
this point-type distribution.
Every (r; 1)-design with = v− r = 3 is a 4-line; the dual of a cubic graph (i.e. a
conguration (v2; b3)) or a union of these.
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Proof. The points of type A3 lie on one 4-line and on r−1 2-lines. The points of type
A3 are nonconnected to those of type B3 in the sense of Denition 1.2 since points of
type B3 lie on two 3-lines and on r − 2 2-lines.
The points of type A3 form n4 nonconnected 4-lines. The points of type B3 form a
conguration (v2; b3) with v= 3q; b= 2q; q>2. Such a conguration is equivalent to
the dual of a cubic graph (by exchanging points with edges and lines with vertices).
It is well known that there is at least one cubic graph with n vertices for each even
value of n>4. This proves the theorem.
2.2. The case = 4
2.2.1. Some rst remarks
For  = 4 there are three possible point types: A4 | 100; B4 | 011, and C4 |
003. In Section 4.2 of [9] the following necessary conditions for a4; b4, and c4 have
been determined:
(X4) a4 + b4 + c4 = v; (Z4;5) a4 = 5n5; (Z4;4) b4 = 4n4; (Z4;3) b4 + 3c4 = 3n3:
The condition (Y4;1): (If c4>1 then b4 + c4>7) is necessary since a point of type
C4 lies on three 3-lines with together 7 points.
Remark 2.2. If a conguration is regarded as a linear space or (r; 1)-design the edges
of its conguration graph are added as 2-lines. Hence every two points are connected by
exactly one line, either by a line of the conguration or by an edge of the conguration
graph (if the two points are not collinear). For a series of congurations as below the
dierence = v− r is constant.
All the designs with at most 13 points which have been constructed in [9,12] belong
to the following subclasses:
The 5-line with 5 points,
the congurations v3 with v points, i.e. the unique conguration 73, the unique
conguration 83, the three congurations 93, the 10 congurations 103, the 31
congurations 113, the 229 congurations 123, and the 2036 congurations 133,
the (3,4)-grid with 12 points,
the design no. 1579 of [12] with 13 points, and unions of these.
Remark 2.3. (1) For further details on congurations v3, their history, and their inter-
esting properties the reader is referred to [11] and many of my papers. It should be
mentioned that in the mean time all congurations v3 with v618 have been constructed:
There are exactly 21 399 congurations 143 (see [5]), 245 342 congurations 153
(see [1]), 3 004 881 congurations 163; 38 904 499 congurations 173, and 530 452 205
congurations 183 (see [4]).
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(2) The (3; 4)-grid with 12 points and the above-mentioned design no. 1579 with 13
points are the smallest (r; 1)-designs with  = 4 which are the typical representatives
of this class.
The (3; 4)-grid consists of the three 4-lines f1; 2; 3; 4g; f5; 6; 7; 8g; f9; 10; 11; 12g
and the four 3-lines f1; 5; 9g; f2; 6; 10g; f3; 7; 11g; f4; 8; 12g.
Design no. 1579 consists of the three 4-lines f1; 2; 3; 4g; f5; 6; 7; 8g; f9; 10; 11; 12g
and the ve 3-lines f1; 5; 9g; f2; 6; 10g; f3; 7; 13g; f4; 11; 13g; f8; 12; 13g.
2.2.2. Grid designs
Theorem 2.4. For all parameter triples (a4; b4; c4) which satisfy the necessary condi-
tions (X4); (Z4;5); (Z4;4); (Z4;3); and (Y4;1) there is at least one (r; 1)-design with this
point-type distribution.
Proof. Condition (Z4;5) implies that the number of points of type A4 is a multiple
of 5. They form just isolated 5-lines.
(Z4;4) and (Z4;3) imply that b4 is a multiple of 12. b4 = 0 leads to c4 = 0 or c4>7.
All these (r; 1)-designs exist since they are congurations v3.
In the case b4 = 12 it is sucient to construct the designs with 06c466. Larger
values of c4 can be achieved by taking the union of the (3,4)-grid given above
and the corresponding conguration v3. Whether there is also a connected solution
for these values need not be discussed here for the purpose of this existence
theorem.
Solutions for c4 = 0 and c4 = 1 are given as the (3,4)-grid and design no. 1579
respectively in Remark 2.2. Solutions for the remaining values are as follows. Take
the three 4-lines f1; 2; 3; 4g; f5; 6; 7; 8g; f9; 10; 11; 12g together with the following sets
of 3-lines:
c4 = 2: f1; 5; 9g; f2; 6; 14g; f3; 10; 14g; f7; 13; 14g; f4; 11; 13g; f8; 12; 13g,
c4 = 3: f1; 5; 15g; f2; 9; 15g; f6; 14; 15g; f3; 10; 14g; f7; 13; 14g; f4; 11; 13g; f8; 12; 13g,
c4 = 4: f1; 5; 16g; f2; 9; 15g; f6; 14; 15g; f3; 15; 16g; f10; 14; 16g; f7; 13; 14g; f4; 11; 13g;
f8; 12; 13g,
c4 = 5: f1;5;16g; f3;15;16g; f10;14;17g; f2; 16; 17g; f9; 15; 17g; f6; 14; 15g; f7; 13; 14g;
f4; 11; 13g; f8; 12; 13g,
c4 = 6: f1;5;16g; f3;15;18g; f10;16;18g; f14;17;18g; f2;16;17g; f9;15;17g; f6; 14; 15g;
f7; 13; 14g; f4; 11; 13g; f8; 12; 13g.
Certainly this procedure can be used to produce more connected solutions. The
proof for b4 = 12 is nished because for larger values of c4 congurations v3 can be
used.
For larger values of b4 just take the suitable number of (3,4)-grids together with the
solution for b4 = 12.
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3. The case of  = 5
3.1. The general situation
As it will turn out the situation for larger values of  is quite dierent from the
cases which were dealt with above. For  = 5 there are ve possible point types:
A5 | 1000, B5 | 0101; C5 | 0020; D5 | 0012, and E5 | 0004 where each
point type is described by 4 numbers since now also 6-lines may occur. In [9] the
following necessary conditions for the numbers a5; b5; c5; d5, and e5 were determined:
(X5) a5 + b5 + c5 + d5 + e5 = v; (Z5;6) a5 = 6n6; (Z5;5) b5 = 5n5; (Z5;4) 2c5 + d5 =
4n4; (Z5;3) b5 + 2d5 + 4e5 = 3n3,
(Y5;1) e5>2) n3>7; (Y5;2) e5>3) n3>9; (Y5;3) e5>4) n3>10.
The three conditions (Y5;1); (Y5;2), and (Y5;3) follow from the fact that a certain
number of points of type E5 implies a certain number of 3-lines.
The following (r; 1)-designs with = 5 have been constructed in [9,10,12]:
One design with 6 points, two designs with 9 points, three designs with 10 points, 8
designs with 11 points, 609 designs with 12 points, and 5448 designs with 13 points.
In contrast to the previous cases of 64 it is not as easy to subsume all the above
examples as representatives of a few classes. Some important classes will be exhibited
below and will give rise to innite series of (r; 1)-designs with  = 5. More detailed
information for the small examples can be found in the papers mentioned above.
Moreover, it is not yet clear whether the necessary conditions
(X5); (Z5;6); (Z5;5); (Z5;4); (Z5;3); (Y5;1); (Y5;2); (Y5;3)
are also sucient. For v613, this set of conditions has turned out to be sucient.
The general problem of nding the exact conditions of existence and nonexistence
for several values of  remains open.
3.2. Some series for = 5
3.2.1. Trivial series
As in the cases of smaller values of , a (+1)-line can be used to build an innite
series of designs consisting of unions of these 6-lines. Moreover, they can be used for
combining them in unions with other (r; 1)-designs.
3.2.2. Known series
Some well-known innite series of congurations or regular graphs will occur as
(r; 1)-designs. The (r; 1)-designs contain them as subclasses.
The series of congurations (v4; b3) with v= 3w, b= 4w; w>3 was constructed in
[8]. The smallest case is the unique conguration (94; 123), the ane plane of order 3.
The second smallest case leads to the 574 congurations (124; 163) which were con-
structed in [7]. The number of nonisomorphic congurations (154; 203) has not yet
been determined.
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The duals of 4-regular graphs with w vertices occur as congurations (v2; b4) with
v = 2w; b = w>5. The numbers of small 4-regular graphs can be found in dierent
places in the literature.
3.2.3. Pasch conguration with additional 4-lines
There is a series of (r; 1)-designs with  = 5 starting with a design with 9 points
(c5 = 3; d5 = 6; n4 = 3; n3 = 4) consisting of four 3-lines on the point set f4; 5; 6; 7; 8; 9g
which form a Pasch conguration (i.e. a conguration (62; 43)) and 3 additional 4-lines:
f1; 2; 4; 9g; f1; 3; 5; 8g; f2; 3; 6; 7g; f4; 5; 6g; f4; 7; 8g; f5; 7; 9g; f6; 8; 9g.
For 11 points there is a corresponding structure with parameters c5 = 5; d5 = 6;
n4 = 4; n3 = 4, again a Pasch conguration consisting of four 3-lines and 4 additional
4-lines:
f1; 2; 3; 6g; f1; 4; 5; 11g; f2; 4; 7; 10g; f3; 5; 8; 9g,
f6; 7; 8g; f6; 9; 10g; f7; 9; 11g; f8; 10; 11g.
In [12] the number of corresponding designs with 13 points and parameters c5 = 7;
d5 = 6; n4 = 5; n3 = 4 was determined to be 4. They are the (r; 1)-designs no. 60, 61,
62, and 63 and are reprinted here. The elements have been relabeled such that the four
3-lines are always
f8; 10; 12g; f8; 11; 13g; f9; 10; 13g; f9; 11; 12g:
The ve 4-lines are
for design no. 60: f1; 2; 3; 4g; f1; 5; 6; 7g; f2; 5; 8; 9g; f3; 6; 10; 11g; f4; 7; 12; 13g,
for design no. 61: f1; 2; 3; 4g; f1; 5; 6; 8g; f2; 5; 7; 9g; f3; 6; 10; 11g; f4; 7; 12; 13g,
for design no. 62: f1; 2; 3; 10g; f1; 5; 6; 8g; f2; 5; 7; 9g; f3; 4; 6; 11g; f4; 7; 12; 13g,
for design no. 63: f1; 2; 3; 8g; f1; 5; 6; 9g; f2; 4; 5; 10g; f3; 6; 7; 11g; f4; 7; 12; 13g.
These small examples form the starting points of an innite series of designs as
stated in the following theorem. The determination of the number of nonisomorphic
solutions must be postponed here.
Theorem 3.1. For all odd values of v>9 there is an (r; 1)-design with  = 5 and
parameters c5 = v − 6; d5 = 6; n3 = 4; n4 = (v − 3)=2 where the four 3-lines form a
Pasch conguration (62; 43).
Proof. For v = 9; 11; 13 the solutions are given above. For all other odd values of v
let 1,2,3,4,5,6 be the points of type D5 and let f1; 2; 3g; f1; 4; 5g; f2; 4; 6g; and f3; 5; 6g
be the four 3-lines of the Pasch conguration.
For v=15 a possible design is obtained using the following six 4-lines f1; 7; 12; 13g;
f2; 7; 8; 14g; f3; 8; 9; 15g; f4; 9; 10; 13g; f5; 10; 11; 14g; f6; 11; 12; 15g. By the way, this so-
lution is equivalent to the bipartite graph K3;3 by labeling its vertices using 1; : : : ; 6 and
its edges using 7; : : : ; 15. Each 4-line contains a vertex and its three incident edges.
For v= 17 take the following seven 4-lines
f1; 7; 11; 12g; f2; 8; 13; 14g; f3; 9; 15; 16g; f4; 10; 11; 17g;
f5; 12; 13; 15g; f6; 14; 16; 17g; f7; 8; 9; 10g:
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For all odd values v>19 a general construction can be used. One can always take
the three 4-lines f1; 6; 7; 8g; f2; 5; 7; 9g; f3; 4; 8; 9g. The remaining (v−9)=2 4-lines form
a conguration (x2; y4) with x = v− 9; y = (v− 9)=2 on the points 10; 11; : : : ; v. Such
a conguration is the dual of a 4-regular graph on y vertices with y>5.
4. What happens for large values of  ?
4.1. General remarks
For values of >6 we are far from knowing the sucient existence conditions.
Already for (r; 1)-designs with at most 12 points (compare [9] (Section 4:7)) there are
ve cases (one for v = 11;  = 6, two for v = 12;  = 6, and two for v = 12;  = 7)
where no design exists although the \obvious" necessary conditions are fullled. This
fact also holds for v = 13 and leads to the discussion of the existence problem of
(r; 1)-designs.
In this paper some further designs with >6 will be discussed.
Concerning =6 until now one design with 7 points, one with 10 points, three with
11 points, 25 with 12 points, and 6327 with 13 points have been constructed.
Concerning  = 7 one design with 8 points, one design with 11 points, 7 designs
with 12 points, and 27 designs with 13 points have been constructed.
4.2. (r; 1) -designs with >8
According to [12], there are only 11 (r; 1)-designs with >8 and v613. It is as-
sumed that representatives of other interesting series of designs will only occur for
bigger values of v.
The most interesting of these 11 designs is probably the unique (4,1)-design with 13
points, the conguration 134 or Steiner system S(2; 4; 13) or projective plane of order
3 consisting of 13 4-lines. Thus this geometry may be seen from dierent points of
view, and it is the starting point of several series. In the context of this paper it is the
smallest example of an innite series of designs with =9, namely the congurations
v4; v>13. This research was started already more than 80 years ago by E. Merlin. Until
now the following numbers of nonisomorphic congurations v4 have been obtained:
There are unique congurations 134 and 144, 4 congurations 154, 19 congurations
164, 1972 congurations 174, and 971 171 congurations 184 (compare [3]).
As far as I know the fact that there is a conguration v4 for all values of v>13 has
not been stated or been proved by a Martinetti-like algorithm in early times. Probably,
however, the fact was clear to the few people interested in congurations v4. Maybe
the rst published proof was given in [6] by using the dierence set f1; 2; 5; 7g as a
tool. Developing this set modulo v yields a conguration v4 since the largest occurring
dierence 6 is less than half of v if v>13.
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4.3. Dierence families
In other areas of design theory the construction of structures by the method of
dierence families and dierence triangle sets has turned out to be quite successful.
For further information on the construction of congurations by means of this method
see [8]. Since congurations are those (r; 1)-designs with line sizes k and maybe 2
(compare [9] the easiest (r; 1)-designs which are not congurations which should be
discussed here are those with line sizes 4, 3, and possibly 2.
Acknowledgements
The author is grateful to the two referees for their careful reading of the paper and
their valuable comments and remarks.
References
[1] A. Betten, D. Betten, Regular linear spaces, Beitrage Geom. Algebra 38 (1997) 111{124.
[2] A. Betten, D. Betten, Linear spaces with at most 12 points, J. Combin. Des. 7 (1999) 119{145.
[3] A. Betten, D. Betten, Tactical decompositions and some congurations v4, J. Geometry, in press.
[4] A. Betten, G. Brinkmann, T. Pisanski, Counting symmetric congurations v3, Disc. Appl. Math., in
press.
[5] H. Gropp, Congurations and the Tutte conjecture, Ars Combin. 29A (1990) 199{210.
[6] H. Gropp, On the existence and non-existence of congurations nk , J. Combin. Inform. System Sci. 15
(1990) 34{48.
[7] H. Gropp, The construction of all congurations (124; 163), Ann. Discrete Math. 51 (1992) 85{91.
[8] H. Gropp, Nonsymmetric congurations with natural index, Discrete Math. 124 (1994) 87{98.
[9] H. Gropp, Congurations and (r; 1)-designs, Discrete Math. 129 (1994) 113{137.
[10] H. Gropp, Graph-like combinatorial structures in (r; 1)-designs, Discrete Math. 134 (1994) 65{73.
[11] H. Gropp, Congurations, in: C.J. Colbourn, J.H. Dinitz (Eds.), The CRC Handbook of Combinatorial
Designs, Boca Raton, 1996, pp. 253{255.
[12] H. Gropp, The (r; 1)-designs with 13 points, to be published, CRC Press.
